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Q1 ) Find the mass M and the center of mass Tx, I, -2 ) of the cube

D= { (x , y , 2) EIR
' / OSX Ea : Og Eas o⇐s a} with density function 8 Cx

, y . 2) = x
't
y 't E

.

So 1) Idea : Compute relevant triple integrals involved in the definition
.

① Mass : M = Sff sexy , z) DV = loaf ! Sixty't 22 ) dzdydx

Method 1 : Direct computations .

= f! Soa -4×4442+379 dydx = Soa Soa ( ax't ay't E) dydx

= as:[Ht y t
'I Ioadx = af! lax't AI dx

= a
'

[¥+3 a'x] ! = a' ( as t Zz . as) = as
.

Method 2 : Split the triple integral into a sum of triple integrals .

=)! fjfoxdzdydx -1%1%5 Y 'dzdydxtfofof! Edzdydx = I + It TI

Note that I = ( to dz ) ( f: dy ) ( fix'dx) = a. a . at = AI

similarly . It = ( loads ) ( S: y
' dy ) ( Sidx ) = a . E. a = AI

II = ( loazsdz) (bady ) ( load x ) = af . a. a = AS

<
i M = It II t TI = att GI tag = as



② Center of mass : Tx ,I, -2 ) = ( MIT .
Mitu

,
M)

,
where

① Myz = SIS ! Six (X'ty't2) dzdydx

14×2=5555 Soa y hity't 24 dzdydx

My = IS! Soa Ix'ty't 24 dzdydx

Adopting the idea of method 2 :

① = Sisi 59 xsdzdydx t Sis :six y ' dzdydxtfolosoxzzdzdydx

= a. a. II t a . AI . AI t GI . a . AI = ab CI tf tf ) = 7¥

= Sisi 59 y
'

dzdydx t Sisosoyxdzdydxtfolosoyzdzdydx
= ab (I + f- + f) = YI

= 7¥ (similar argument as ① .
)
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Q2) Find the moment of inertia of the solid cylinder D with radius a and height h

with constant density 8 about its axis .

Sol ) Idea : Formulate the problem suitably and compute using cylindrical coordinates .

Step 2 : Put D into 1123 in a suitable way .

Picture : Z D
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Step 2 : Describe D in cylindrical coordinates .

D = { (r, O , 2) C- [O , too) x fo , 21T) x IR IO E r sa , Of 0<217,0 Eh}

Step 3 : Compute the moment of inertia about the z -axis
.

Iz = Sff hity
') Six , y, z) DV = S! 5! Soar - S lrdrdodz)

= g. ( gohdz) ( fo
"

do) ( Soar- d r)

= 8 . h . 21T . YI = If shalt



Q3) Evaluate Effi. Htt't dzdydx
.

Sol ) Idea : Understand the integral better and apply a change of coordinates .

Step 1 : Describe the domain of integration D in 1123
.

D= { IX. y, 2) C- 1123 I - 2E X s 2. TEE EYE TEE, 2 -f4¥ySzE2tT4¥y'}

Step 2 : Sketch D in IR
'

.
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g
x =p sin to as0

Step 3 : Describe D in terms of spherical coordinates y =p sin to sino

z =p cost

Note that Hy't Cz - 25 E 4.⇐ x4y4z'S 42

In spherical coordinates : p's 4 p cost ⇐s p s 4 cost

.

'

.
D= ftp./o.O)E-LO.tco)x-L0.TDx-LO.2TD/OEOE2T,0E/0fIz,0tPE4oos/o)



Step 4 : Evaluate the integral using spherical coordinates .

Integral = Jo
"

Tow
"

@52 . ( p's inf) dpd to do

IT

= do ) ( to You
"

p's into dpdlo)

= 21T . [E. sin to ]
"

ow
"

do

= 2g . 40ft to cost to sink d lo

= 40ft a [ - coil ]!

= 4093ft, (f) = '

IT


